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Abstract — We show that fully connected two-hop wireless 
networks with K sources, K relays and K destinations have 
K degrees of freedom for almost all values of constant channel 
coefficients. Our main contribution is a new interference- 
alignment-based achievability scheme which we call aligned 
network diagonalization. This scheme allows the data streams 
transmitted by the sources to undergo a diagonal linear transfor- 
mation from the sources to the destinations, thus being received 
free of interference by their intended destination. 

I. Introduction 

Recent years have seen a dramatic increase in the wireless 
data traffic, caused by the success of onHne media streaming 
services and the proHferation of smart phones, tablets, and 
netbooks. Given the scarcity of wireless spectrum, the only 
way to meet this ever increasing demand is to exploit 
a much denser spatial reuse of the spectrum through the 
utilization of user-deployed and user-operated infrastructure, 
such as residential femtocells. As a result, understanding how 
to communicate optimally in multi-hop multi-flow wireless 
networks becomes fundamental for the future of wireless 
communications . 

Despite the increasing interest in technologies that enable 
multi-hop multi-flow wireless networks, our knowledge about 
their fundamental performance limits is still limited. A large 
body of work focuses on multi-user systems with point- 
to-point interfering links, i.e., interference channels. While 
the capacity of the interference channel remains unknown 
(except for special cases, such as [1-7]), it has been ap- 
proximated to within a constant gap in the two-user case 
[8]. For the general iC-user interference channel, it is known 
that, for almost all values of channel gains, K/2 degrees 
of freedom are achievable both when the channel gains 
are fixed and when they are time- varying [9, 10]. These 
results established the foundations of a technique known 
as interference alignment, which provided a promising new 
way of handling interference in multi-user wireless networks. 
While a simple time-division scheme only grants each of the 
K users of an interference channel 1/K degrees of freedom, 
interference alignment allows each user to achieve half a 
degree of freedom. Thus, even though all K users must share 
the wireless medium, each one can still achieve half of the 
degrees of freedom it would achieve if it had the channel 
entirely to itself; i.e., each of the K users can still get "half 
of the cake". 

In the realm of multi-hop wireless networks, most of the 



results concern single-flow networks, where a single source 
node wishes to communicate with one or more destinations. 
For these networks, the multicast capacity was characterized 
to within a constant number of bits in [1 1], and tighter capac- 
ity approximations were later derived in [12, 13]. However, 
no general capacity results are known for multi-hop multi- 
flow wireless networks, and most of the recent work has 
considered specific network topologies. In [14], for instance, 
the authors considered a network with two sources, two relays 
and two destinations (the 2x2x2 interference channel, or 
2x2x2 wireless network). By introducing a new scheme 
called aligned interference neutralization, which extends the 
idea of real interference alignment to a multi-hop scenario, 
they showed that these networks have two degrees of freedom 
for almost all values of the channel gains. 

More general networks with two source-destination pairs 
were later considered in [15]. In this work, two new notions 
were introduced. The first one is the idea of network con- 
densation, by which a network with an arbitrary number of 
layers is reduced to a network with at most four layers with 
the same degrees of freedom. The second is a graph theoretic 
characterization of when the interference in a network is man- 
ageable, i.e., when all the interference can be simultaneously 
neutralized. These concepts allowed the degrees of freedom 
region of two-unicast layered networks with an arbitrary 
number of layers, and arbitrary connectivity between adjacent 
layers to be completely characterized. Surprisingly, it was 
shown that, for almost all values of the channel gains, these 
networks can only have 1, 3/2 or 2 sum degrees of freedom. 




Fig. 1. The K x K x K Wireless Network. 

When an arbitrary number of source-destination pairs K is 
considered, the results are scarcer. One such effort is found 
in [16], where networks with K source-destination pairs 
and K hops were considered under the fast fading scenario. 
The authors show that, under some assumptions on the joint 



distribution of the channel gains, K degrees of freedom can 
be achieved. The main idea is to have the relays forward 
their received signals at carefully chosen times, so that the 
signals transmitted by the sources undergo an approximately 
diagonal end-to-end transformation. However, if the network 
has less than K hops, or if the channel coefficients are kept 
constant, the same ideas cannot be used. 

In this paper, we focus on two-hop networks with K 
sources, K relays and K destinations - the K x K x K 
wireless network, shown in Figure 1. Several achievability 
schemes are known for this network, but, except in the case 
K = 2, they all fall short of the cut- set outer bound of 
K degrees of freedom. For example, if we consider linear 
schemes, we can use a result from [17] that shows that, in an 
N X K X N wireless network, interference can only be com- 
pletely neutralized at all destinations if K > N{N — 1) -\- 1. 
Thus, it is possible to achieve max{A^ : K > N{N — 1) + 1} 
(roughly y/K) degrees of freedom on the K x K x K 
wireless network, by using only a subset of N source- 
destination pairs. A different approach consists of viewing the 
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Fig. 2. Degrees of freedom achieved by different schemes on the K x K x K 
wireless network. 



K X K X K wireless network as the concatenation of two 
K-user interference channels. Since a K-user interference 
channel has K/2 degrees of freedom for almost all values 
of the channel gains [10], we can also achieve K/2 degrees 
of freedom on the K x K x K wireless network for almost 
all values of the channel gains. Similarly, we can view each 
hop of K X K X K wireless network as a i^T-user X- 
channel. This approach in fact achieves K'^ / {2K — 1) degrees 
of freedom [18], which is slightly better than K/2. These 
three approaches are essentially the state-of-the-art in terms 
of inner bounds for the degrees of freedom of K x K x K 
wireless networks with K > 2, and, as depicted in Figure 2, 
their gap to the cut-set outer bound is essentially K/2, for 
large K. In [19], there has also been an attempt to find tighter 
upper bounds on the degrees of freedom of K x K x K 
networks, by using a recent worst-case noise theorem in 



additive-noise wireless networks [20] to bound the capacity 
region of KxKxK Gaussian wireless networks with that of 
truncated deterministic networks. However, the best known 
upper bound on the sum degrees of freedom ofKxKxK 
networks remains the cut-set upper bound (i.e., K degrees of 
freedom). 

In this work we close this gap by showing that the 
K X K X K wireless network has K degrees of freedom 
for almost all values of the channel gains. For this purpose, 
we introduce a new achievability scheme called aligned 
network diagonalization. Similar to the aligned interference 
neutralization scheme in [14], we let each source encode 
its message into several data streams, which are transmitted 
along distinct rational dimensions, using the real interference 
alignment framework [10]. However, the transmit directions 
at the sources and at the relays are carefully chosen so 
that the data streams transmitted by the sources essentially 
undergo a diagonal linear transformation until they reach 
the destinations. This way, interference-free channels are 
effectively created between each source and its corresponding 
destination, allowing each user to achieve arbitrarily close to 
one degree of freedom, i.e., each user can get "the entire 
cake". 

II. Problem Setup 

The K X K X K wireless network is made up of K 
sources S*!, . . . , Sk, K relays Vi, . . . , V^, and K destina- 
tions 1^1, ... , Dk, organized as a two-hop layered network, 
as shown in Figure 1. We assign channel gains hs^y^ to the 
link {Si^ Vj), for j G {1, . . . and hvi,Dj to the link 
{Vi^Dj). We assume that each channel gain is real-valued 
and fixed throughout the entire communication period. In 
Section V, we describe how our main results can be extended 
to the case where the channel gains vary with time. 

Communication will take place over a block of n dis- 
crete time steps. At each time t = l,2,...,n, each node 
V G . . . , Sk, ^1, • • • , Vk} transmits a real- valued signal 
Xy [t] . The received signal at a relay Vj and at a destination 
Dj are respectively given by 

K 

Yv^ [t] = hs,y^ Xs, [t] + Zy^ [t] and (1) 



K 



(2) 



where Zy. [t] and Z^j [t], for t = 1, 2, . . . , n, are sequences 
of i.i.d. noise terms distributed as A/'(0, a^). The noise terms 
are also assumed to be independent from all transmit signals 
and noise terms at different nodes. 

Definition 1. A coding scheme C with block length n G N 
and rate tuple R = {Ri , . . . , Rk) ^ for the K xK xK 
wireless network consists of: 

1. An encoding function fi : {1, . . . , 2'^^^} R'^ for 
each source Si, i = where each codeword 



fi{wi), Wi G {1, . . . , 2^^^}, satisfies an average power 
constraint of P. 
2. Relaying functions rf^ : R^~^ R, for t = 1, . . . ,n, 



for each relay Vi, i 
power constraint 



1, . . . , i^, satisfying the average 
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5. A decoding function gi 
destination Dj, i = 1, . 



Definition 2. T/?^ ^rror probability of a coding scheme C (as 
defined in Definition 1 ), is given by 



-Ferror(^) — 



K 



\J{Wi^gi{YnAl],---,yDAn\)} 



where we assume that each Wi is chosen independently 
and uniformly at random from {1, . . . , 2^^^}, that source 
Si transmits fiiWi) over the n time-steps, and relay Vi 
transmits rf^ (ly. [1], . . . , Yy. \t — 1]) at time t = 1, . . . , n, 
for i = l,...,K. 

Definition 3. A rate tuple R is said to be achievable for the 
K X K X K wireless network if there exists a sequence of 
coding schemes Cn with rate tuple R and blocklength n, for 
which Perror(Cn) ^, as 71 ^ oo. The sequence of coding 
schemes Cn, n = 1,2,..., is then said to achieve rate tuple 
R. 

Definition 4. The capacity region C{P) of a K x K x K 
wireless network is the closure of the set of achievable rate 
tuples, and the sum-capacity is defined as 

K 

C^(P)= max Vi^i. 
(i?i,...,i?K)eC(P)^ 
1=1 

Definition 5. The degrees of freedom ofaKxKxK wireless 
network are defined as 



dy: = lim 



III. Main Results 

Our main result settles the question of the number of 
degrees of freedom of sl K x K x K wireless network, for 
(Lebesgue) almost all values of the channel coefficients. 

Theorem 1. For a K x K x K wireless network, d^, = K 
for almost all values of the channel gains. 

Since the cut- set outer bound trivially implies that d^, < 
K, we only need to show that K degrees of freedom 
are achievable. Our achievability scheme utilizes the real 
interference alignment framework from [10] with carefully 
selected transmit directions. Each of the K sources will 
transmit a linear combination of L data streams. These 



data streams are aligned at the relays, which allows each 
relay to decode approximately L linear combinations of the 
data streams which can then be re-modulated using new 
transmit directions. These new transmit directions are chosen 
so that all the interference is cancelled at each destination, 
and the L data streams from each source arrive at their 
intended destination along independent rational dimensions, 
which allows perfect decoding with high probability. These 
operations guarantee that, with small probability of error, the 
LK data streams chosen at all K sources are mapped to LK 
received directions at the destinations by a diagonal linear 
transformation. Hence, we call this scheme aligned network 
diagonalization. 

The result in Theorem 1 has important consequences. Con- 
sider a two-hop i^-unicast wireless network where, instead 
of having K relays, we have A relays; i.e., sl K x A x K 
wireless network. It is easy to see that the cut-set outer bound 
states that no more than mm{K, A) degrees of freedom can 
be achieved. Now, if A> K, we can simply ignore A — K of 
the relays and use aligned network diagonalization to achieve 
K degrees of freedom. Similarly, if K > A, we can ignore 
K — A source-destination pairs, and achieve A degrees of 
freedom. A similar idea can be used in a multihop wireless 
network with J layers, K source-destination pairs and Aj 
relays in the jth layer (hence Ai = Aj = K). If we call 
such a network a x x • • • x x K wireless network, 
we have the following result. 

Corollary 1. For a K x A2 x • • • x Aj^i x K wireless 
network, d^: = mini<j< j Aj for almost all values of the 
channel gains. 

IV. Achievability Scheme 

In this section we describe the scheme that achieves K 
degrees of freedom on a the x x wireless network. We 
first describe the operations performed by the sources, relays 
and destinations, and then we do a performance analysis 
where we prove that the scheme in fact achieves K degrees 
of freedom. 

A. Aligned Network Diagonalization Scheme Description 
Encoding at the sources: 

As in the real interference alignment schemes from [10] 
and the aligned interference neutralization scheme from [14], 
each source Si starts by breaking its message Wi into L 
submessages. Each of the submessages will be encoded in a 
separate data stream, using a single codebook with codewords 
of length n, obtained by uniform i.i.d. sampling of the set 



u = zn 



(3) 



for a small e > 0, a positive constant 7, and some positive 
integer M to be defined. The rate of this code, i.e., the 
number of codewords, will be determined later, in Section 
IV-B. Notice that M can be thought of as a parameter which 



sets the number of degrees of freedom given to each stream 
to be (1 -e)/(M + e) ^ 1/M. As explained in Section IV-B, 
we will choose M = {N -\- 1)^ . Next, we let 



where %(sii,si2,...,skk) W = E^li W 
and we define Ci^g[t] = if any component of s is —1 or 
A^. Therefore, the (noiseless) received constellation at each 
relay is given by 



Sll,Si2,...,SKK 



n ^ 

l<i<K 
l<j<K 



(4) 



and An = {0, . . . , A/^ — 1}^ , and, by following the real 
interference alignment framework from [10], we define the 
set of transmit directions for the sources to be 

Tn = {Tsii,s-L2,--,SKK • (-^ii^ '512, • • • , skk) ^ Aiv} , (5) 

for some arbitrary N. Notice that the number of transmit 
directions (which is also the number of data streams) is L = 
iTivl = IAtvI = iV^^ To simplify the notation we will let 
5 be a vector of indices (511,512, . . . , skk) and write Tg. 
We will let ^^^'[l], Ci^g[2], . . . ,Ci^g[n] be the n symbols of 
the codeword associated to the submessage to be sent by 
source Si over the transmit direction indexed by s. At time 
t G {l,...,n}, source Si will thus transmit 

M-l + 2e 

where ^ = /3P 2(M+e) ^ for a constant /3 to be determined. 
Since the maximum power of a transmit signal from Si can 
be loosely upper bounded by 




for any value of 7 and A^, we can choose the constant /3 such 
that the maximum transmit power at the sources is no more 
than P. 

Relaying operations: 

The received signal at relay Vj can be written as 

^v, W = e E ( E ^s^y^^iAt]] + Zv, [t\. (6) 

Even though writing the received signal as in (6) does not 
emphasize the alignment that occurs at the relays, it will 
still be a useful representation of the received signal. To 
capture the alignment, we consider rearranging the terms 
in the summation in (6) by viewing it as a polynomial on 
the variables hs^yj, for 1 < i, j < K, where the (integer) 
coefficients are given by sums of Ci^g terms. It can then be 
seen that the actual set of received directions at each relay 
is a subset of T/v+i, and the received signal at relay Vj at 
time t can be alternatively written as 



(7) 



V = 




T? ug : ug e 



(M + e) ^ 2(L + e) , V S G AjV+l } • 



(8) 

Each relay Vj will map its received signal Yy.[t] to the 
nearest point in V. This point can then be used to obtain 
the integers Uj^g, for se A^v+i, due to the following claim 
(which is proven in Section IV-B). 

Claim 1. There exists a one-to-one map between points 
V ^ V and tuples of integers {ug : 5 G A^v+i) y^ith 



entries in Z H -K^p-^^M+e) ^x^p2{M+e) such that v = 

After decoding Uj^g, for s G A^v+i, using this one-to- 
one map, relay Vj will re-encode all these integers using 
new transmit directions. To describe the new set of transmit 
directions, we first define 

hvi,D2 "' hvK,D2 



hl2 



bK2 



"JKK 



Notice that, for almost all values of the channel gains, the 
matrix on the right-hand side is invertible, and the ^^^s are 
well defined. Next, we let 



(9) 



n 

l<i<K 
l<j<K 



h y 



(10) 



and, similar to (5), we can define the set of transmit directions 
for the relays to be 

Ttv+i = |^sll,sl2,.••,si^K • (<5ii5 <5i2, • • • , Skk) ^ AAr+i| . 

Relay Vj will re-encode the Uj^g^ by essentially replacing 
each received direction Tg in (7) with the direction fg. More 
precisely, the transmit signal of relay Vj at time t -\- 1 will 
be given by 

Xy.[t ^sUjM^ (11) 
sGAjv+i 

M-l + 2e 

where ^' = P' P 2(M+e) ^ and is chosen so that the output 
power constraint is satisfied (similar to (3). We then have the 
following claim. 

Claim 2. The transmit signal of relay Vj, given in (11), can 
be re-written as 



sEAn 



^ bij Ci^g[t\ 



(12) 



Proof: The main idea is to notice that, just as (7) can 
be written as (6), (11) can be re-written as (12). This can be 
more easily understood if we think of the (noiseless) received 
signal in (7) as a polynomial on the variables hs^yj, 1 < 
i, j < K, with integer coefficients. When relay Vj decodes 
each coefficient Uj^s' of this polynomial and then replaces 
each monomial Tg with Tg, it is essentially re-building the 
same polynomial with each variable hs^^j replaced by bij. 
Therefore, the same factorization used on the polynomial on 
the hsi,Vj variables in (6) can be used on the polynomial on 
the bij variables, as shown in (12). ■ 

Decoding at the destinations: 

In order to compute the received signals at the destinations, 
we first notice that, from (12), the vector of the K relay 
transmit signals at time t-\-l can be written as 



sEAn 



(13) 



Since the Tgs are just scalars, we can write the vector of the 
K received signals at the destinations as 



hvi,Di •■• hvK,Di 



hVi,Di, 



ZD^[t + l] 



"fell ••• 
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-1 r 
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bKK_ 






+ 


















+ 






sEAn 











Thus, the received signal at destination Dj at time i + 1 is 
simply given by 



Ydj + 1] = ^' E ^^.--[*] + [t+l], 



(14) 



sEA^ 



and we see that all the interference has been cancelled, and 
destination Dj receives only the data streams originated at 
source Sj. The points in the (noiseless) received constellation 
at each destination, given by 



sEAn 



(15) 



can also be uniquely mapped into tuples of integers due to 
the following claim. 

Claim 3. There exists a one-to-one map between points v G 
V and tuples of integers {cg : s E An) with entries in U 
such that V = Z^^^Aat 

Therefore, at each time t = 2, destination Di will 

first map its received signal to the nearest point in V and 
then use the one-to-one map between points in V and tuples 
{cg\ s e An) with entries in U to obtain the L integers q 
encoded by source Si at time t — 1. At time n, destination 
Di has decoded L data streams of n integers each (in fact, 
n — 1 integers, since the integers encoded by the destination 
at time t = n do not arrive at the destination within the 
length-n block), and it applies an individual typicality-based 
decoder to each of these streams to decode the original source 
message Wi. 

The step-by- step transformation that is induced by the 
aligned network diagonalization scheme is illustrated in 
Figure 3. For simplicity, we do not show the time indices 
nor the scaling coefficients ^ (whose purpose is to make 
sure the transmit power constraints are satisfied). A high- 
level overview of the scheme is as follows. All sources start 
by picking the same set of transmit directions, chosen in 
accordance to the first hop transfer matrix Hsy. The choice 
of transmit directions guarantees that the ratio between the 
number of transmit directions at each source and the number 
of received directions at each relay 



N 



7V + 1 



can be made arbitrarily close to one, giving us nearly 
perfect alignment over the first hop. The signal received by 
each relay Vj is a polynomial on the variables hs^y^, for 
1 < ^, j < ^ with integer coefficients Uj^g, for s G A^v+i, 
plus a noise term. By decoding each integer coefficient, 
the relays can then rebuild these polynomials, where each 
variable hs^y is replaced with the variable bij as defined in 
(9). This replacement of variables is equivalent to changing 
the directions along which each of the integer coefficients 
is being received. The key idea behind aligned network 
diagonalization is that, after the received directions at the 
relays are replaced, the relays are transmitting what they 
would have received if the transfer matrix of the first hop had 
been Hy]^ instead of Hsy- Therefore, we are effectively 
converting the transfer matrix of the first hop to i^y ^, which 
causes the network to be diagonalized. 

B. Performance Analysis 

In this section we show that the aligned network diagonal- 
ization scheme can in fact achieve K degrees of freedom. In 
order to do that, we first need to bound the error probability 
of the hard-decoding operations at the relays and destinations. 
In the process of doing that, we prove Claims 1 and 3. 
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Fig. 3. Illustration of aligned network diagonalization. 



Relaying operations: 

To bound the error probability of the relaying operations, 
we need to find a lower bound on the minimum distance 
between two points in the received constellation V, described 
in (8). Since the directions Tg, for 5 G Aat+i, are all distinct 
monomials of the channel gains of the first hop, they can be 
viewed as analytic functions of hs^y^, for 1 < z, j < K, 
that are linearly independent over the reals. Moreover, the 
distance between any two points in V has the form 



where each ug can 

l-e 1-e 



take values in Z D 
. Thus, we can apply 
heorem 5 in [10] (see also its subsequent remarks and 
inequality (8) in particular) to conclude that, for almost 
all values of the channel gains, there exists a constant k,, 
independent of P, such that the minimum distance of V 
satisfies 



|Aiv+i|-l+e' 



By choosing M = \ An^i \ = (TV + we have 

K(3 



> 



M-l + 2e 
I^PP 2(M + e) 



(l-e)(M-l + e) 

(2i^7)^-i+^ P — 2(M+^) — 



(2i^7) 



M-l+e 



pe/2 

(16) 



The fact that the minimum distance between any two points 
in V is strictly positive implies that there exists a one-to- 
one map between points v e V and tuples of integers {us 
s e Aat+i) with entries in Zn -K^P^(^+^) , K^P^(^+'^ 
thus proving Claim 1. Therefore, after mapping its received 
signal to the nearest point in V, relay Vj can in fact decode 
each Uj^g, s G Aat+i, using this one-to-one map. This 
procedure will correctly decode each Uj^g, provided that 



< (imin/2, implying that the probability of error for 
relay Vj is at most 



FT{\ZvM>d^,j2)=2Q 



< exp 



2a 



8a2 



exp(-(^P^), 



(17) 



where S is 3. positive constant that is independent of P. 
Decoding at the destinations: 

Similar to what we did for the received signals at the 
relays, we would like to lower bound the minimum distance 
between two points in the destinations (noiseless) received 
constellation V, given in (15). The following lemma, whose 
proof we present in the appendix, allows us to use Theorem 
5 from [10] as we did before. 

Lemma 1. The received directions at the destinations, Tg, 
for s G Atv, are analytic functions ofhy.^Dj^ ^ ^ j ^ K, 
that are linearly independent over the reals. 

Theorem 5 from [10] now implies that the minimum 
distance dmin between any two points in V can be lower- 
bounded as 



dn 



^27P2(M + e)^ 



|AAr|-l+e- 



for some constant k (which is independent of P). Since M 

IAat+iI > IAatI, for P > 1, we have 



dn 



> 



M-l + 2e 



(l-e)(M-l + e) 
(^2^yAN\-l + ep 2(M + e) 



(2^)|AAr|-l+. 



.pe/2 



(18) 



The fact that the minimum distance between any two points 
in V is strictly positive implies that there exists a one- 
to-one map between points v e V and tuples of integers 



{cg : s e An) with entries in Z H -jP^WT^ , jP'^ 
thus proving Claim 3. After mapping its received signal to 
the nearest point in V, destination Dj can in fact decode 
each Cj^g, s e A^, using this one-to-one map. As in (17), 
the probability that Di incorrectly decodes these integers 
(provided that no relay made an error in the previous step) 
is at most 

Pr(|Zz^,M| > Jmin/2) = exp(-^P^), (19) 
for some constant ^ > 0. 

Achievable rates: 

To determine the rate of our original codebook, we first notice 
that each data stream between Si and Di effectively creates a 
discrete memoryless channel with input and output alphabets 
U and an error probability which can be upper bounded as 

Pe < 1 - (1 - exp(-^P^))^ (l - exp(-^P^)) 

<l-(l-exp(-5'P^))^+' 

< (i^ + l)exp(-(5'P^), (20) 

where = min(^, ^). This allows us to lower bound the 
mutual information between the input U and the output U 
of this channel, for a uniform distribution over the input 
alphabet. Using Fano's inequality, we have 

I{U;U) > H(U)-H(U\tj) 

>log |Z^|-(l + Pelog \U\) 

= (l-Pe)l0g|ZY|-l 

> (l-(K + l)exp(-(5'P^)) 
1 - e los; P 



V. Time-Varying K x K x K Wireless Networks 

In our problem setup in section II, we considered the 
case where the channel gains remain fixed throughout the 
entire communication period. Another important scenario is 
the case where the channel gains vary with time. In the case 
of time-varying channels, we let the channel gain between 
source Si and relay Vj at time t be hs^y^ [t], and the channel 
gain between relay Vi and destination Dj at time t be 
hv,,Dj[t], for t = 1,2,.... We assume that {hs,yj[t]}^i 
and {hvi,Dj [t]}t^i are all mutually independent i.i.d random 
processes each obeying an absolutely continuous probability 
distribution, and that instantaneous channel state information 
is available at all nodes. 

One possible way of extending the aligned network diag- 
onalization scheme to the time-varying scenario is to simply 
utilize the scheme described in Section IV-A based on the 
channel gain values at each time-step. This would be done 
by replacing the transmit directions in (4) by 



M + e 2 



+ log27 -1, 



and we can achieve rate 



i^=(l-(ii: + l)exp(-^'P^)) 



1 - e loe;P 



■ log 27 



^M + e 2 

over each data stream, by having our original codebook have 
2nR codewords. This means that each data stream can achieve 
R 1-e 1-e 

lim 



P^oo|logP M + e (Ar+l)^'+e 

degrees of freedom. Since each source transmits L = \ An\ = 
data streams, each source-destination pair achieves a 
total of 



> 



(1 - e)N 



N 





(TV + 1)^^+6 ^ (l + e)(7V + l)^^ 1 + e 

degrees of freedom, for any large N and any small e > 
0, implying that each source-destination pair can achieve 
arbitrarily close to one degree of freedom. We conclude 
that the aligned network diagonalization scheme can achieve 
arbitrarily close to K degrees of freedom for almost all values 
of the channel gains, which proves Theorem 1. 



Sll,Sl2,-" ^Sk 



K[t\= n ^suvAtr 



l<i<K 
l<j<K 



and the transmit direction in (10) by 



Sll,Sl2,-" ,SkK 



{t]= n ^^iW'^^ 



l<i<K 
l<j<K 



where the bij[t\s vary with time according to the channel 
gains of the second hop as 

-I -1 



hi[t] 



^VK,Di[t] 



hK[t] bKK[t]\ lhvi,DK[t] •'• hvj,,DK[t]_ 

Therefore, at each time t = 2, . . . , n, each destination Di 
attempts to decode the the L integers Ci^g encoded by source 
Si at time t — 1 in the same way as it would in the case 
of constant channels. Thus, at the end of the block of n 
time steps, destination Di can apply the same typicality-based 
decoder to the sequence of decoded integers to decode Wi, 
i = l,...,i^. 

VI. Conclusion 

In this work, we showed that, for almost all values of 
channel gains, KxKxK wireless networks have K degrees 
of freedom. This result is surprising due to the fact that, in 
Si K X K X K wireless network, each destination is subject 
to interference originated at K — 1 sources. Thus, the total 
number of interference signals that need to be neutralized for 
K degrees of freedom to be achieved is 0{K'^), while the 
number of variables under our control (i.e., the encoding rules 
at the sources and the relaying operations) is only 0{K). 

The coding scheme we propose - aligned network diago- 
nalization - shows that a careful choice of transmit directions 
at the relays can in fact neutralize all the interference at 
the destinations. The scheme can be understood as taking 



the vector of received signals at the relays and modifying 
them so that it "looks like" the transfer matrix of the first 
hop was the inverse of the transfer matrix of the second 
hop. This way, we can effectively diagonalize the network, 
creating parallel interference-free channels from each source 
to its corresponding destination, thus allowing each source- 
destination pair to achieve one degree of freedom. 
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Appendix 

Lemma 1. The received directions at the destinations, Tg, 
for 5 G Atv, dre analytic functions of hvi,Dj> ^ ^ h j ^ 
that are linearly independent over the reals. 

Proof: To prove that each TV, for s G A^v, is an analytic 
function of hy.^D., 1 < i, j < i^, we notice that if we let 



H 



hvi,Di 
hvi,D2 



hv2,D2 



h 



hvK,Di 

hVK,D2 



detH^ where dj 



then, for 1 < i, j < we can write hij 
is the cofactor of the (z, j) entry of H. This means that each 
hij is a ratio of two polynomials with hy^^jjj^ 1 ^ hJ < 
as variables. Since each Tg is a distinct monomial of the 
bij^, it is clear that each TV is an analytic function of /ly. , 
1 < i, j <K. 

Next, suppose by contradiction that Tg, for s G A^v, are 
not linearly independent over the reals. Then there must be 
real numbers ag, for s G Ajv, not all zero, such that 



E 



asTg = 



for all values of hvi,Dj, for 1 < i, j < ilT. However, since the 
TV, for s G Atv are distinct monomials of the ^^^s, we have 
that, for almost all values of the bijS, J^seAn ^sTg 7^ 0. 
Since for almost all values of the 6,.s, the matrix 



B 



bu 
bi2 



b2i 

b22 



^2K 



bKl 
bK2 

bxK 



is invertible, we can find 611,612,- •• ^bxK for which B 
is invertible and "^g^/^^ oi.gTg ^ (with the TVs seen as 
functions of the 6ijs). But this means that if we choose the 
values of hvi,Dj, for 1 < z, j < Tf, by setting H = B~^, we 
will have "^g^/^^ o^gTg ^ (with the TVs seen as functions 
of the hvi,D^^), which is a contradiction. ■ 
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